Abstract. We characterize almost compact and almost realcompact spaces in terms of their situation in the product (J, u)c. In the characterization of almost compactness J is the two point set or the unit interval; in the characterization of almost realcompactness J is the set of nonnegative integers or the nonnegative reals, u is the upper topology on the real line restricted to J.
1. Introduction. Amongst the most beautiful representation theorems for topological spaces are the characterization of compact Hausdorff spaces as closed subspaces of products of copies of the unit interval [0,1] (with its usual topology) and the characterization of realcompact spaces as closed subspaces of products of copies of the real line R also endowed with its usual topology (see [3] ). In [2] , Frolik and Liu gave an interesting characterization of almost compact and almost realcompact spaces as maximal £2 subspaces of their closure in the canonical product of copies of the nonnegative reals with the upper topology U{Rf \f E C+(X)}.
The present paper tries to clarify the role of the maximal £2 condition and the extent to which almost compact and almost realcompact spaces can be regarded as "closed" subspaces of the canonical product of a standard object, but where "closure" is not necessarily the closure in the usual product topology.
There is an interesting variation on this theme which arises from changing the standard object. In this direction Kate Halpin [4] has obtained the same characterizations as Z. Frolik and C. T. Liu, the standard spaces [0,1] and R+ being replaced by the two point space {0,1} and the nonnegative integers. Throughout this paper we shall present our proofs in a way that unifies these two situations.
In a sense, this paper is a discussion of almost compact and almost realcompact spaces from the viewpoint of [12].
2. The canonical product. Let / C R be either the two point set D = {0, 1} or the unit interval / = [0,1]. There are three topologies on R and / that are important in our discussion: the upper topology u with basic open sets of the form (-oo, x); the lower topology / with basic open sets (x, + oo) and the usual topology u V /. We shall represent the set of all continuous functions on a topological space (X, T) to (J, u) by C and the corresponding product map from X to Jc by e. The three topologies on J give rise to three topologies on the product Jc which we shall represent as (/, u)c = Fj(/, u)f=(\\Jf,ï[u); (J, if = (JUII/) and (/, «V/)c = (tlAiKu V /)) = (LIA, II« V n/). We denote by (/, u, I) the bitopological space J equipped with the two topologies u and /, and the resulting bitopological product space by (A u, if = iJc,ïlu,ul).
We refer to [6,9 and 11] for the theory of bitopological spaces that is needed. 3 . Some properties of the embedding e: X -» Jc. Proof. Suppose there is ß such that A(oy) < ß < ah " ¡. By continuity of h and mf, there is a II«-neighbourhood F of a such that m¡ maps V into h~[0,ß). Also, W = ITVo/(>3,1] is a II/-neighbourhood of a. By our assumption on a, there is x such that e(x) is in both V and W. This is impossible since e(x) in V implies hi f(x)) < ß and e(jc) in W implies //(/(*)) > jS. Proof. A basic neighbourhood of a within P is a finite intersection of sets of the form n^ [0, y,), 1 < / < «, where 0 < af < y¡. Fix /' and let h -0 on [0, y,) and h = 1 on [y,, 1]. Then h: (/, u) -» (7, u) . Put g, = h ° f. By Lemma 1, we have 0 < ag < hiaf) = 0, so that ag = 0. If we let g = sup{g,,.. .,g"), then g is in C and ag = ag¡ V • ■ ■ Vag< = 0, by Lemma 2. Also, g(x) = 0 implies g,(x) = 0 which gives fix) < y,, so that eix) E P, as required. The dual result also holds.
Before proving a dual result we first state a useful remark. Note, (i) and (ii) imply that a is in the P V g-closure of A. The reader is invited to find y*iA) for subsets A of simple bitopological spaces such as (/, u, I), iJ X J, u X u, I X /), (7 X J, u X /, / X u). We omit the routine proof.
As an immediate consequence of the above we have The Fomin extension a(A") of a Hausdorff space (see [5] ) is also meaningful for general topological spaces: ox = X U Xv , where Xw consists of all free open ultrafilters on X and the neighbourhood system of a point of oX D X is its neighbourhood system in X, whereas a basic neighbourhood of p G Xv is G* = {p E oX\ G Ep, where Gis open in A'}.
We can now materialize a promise made in [10] . Note. We refer to a space as almost compact if every open ultrafilter converges (without necessarily being a Hausdorff space).
Proposition 10 and its corollary raise the question of replacing the "canonical" product Jc by an arbitrary product of copies of J in the characterization of almost compactness. The following example shows that an infinite discrete space, which is clearly not //-closed, can be y^-closed in a suitable product of copies of the two point space D = {0,1}. There is x in A such that every P-neighbourhood of x contains a. Note, (hi)' is equivalent to the requirement that cl^a n A ¥= 0, i.e. that a is in the P*-closure of A (in the sense of [11] ). Corollary.
(uX, T*) is homeomorphic to yQ0[e [X] ] with the relative topology inherited from the product (J, uf.
5. Almost compact spaces and maximal separation properties. In [2] Frolik and Liu characterized //-closed T2 spaces as maximal separated spaces in their closure in the canonical product (/, uf((X'T),(l' u)\ An analogous characterization was obtained by K. Halpin [4] where (/, u) is replaced by the simpler (D,u). In this section we present a unified proof of both of these results together with a generalization to spaces which are not necessarily separated. Definition 4. Let A" be a toplogical space and A C X. A is said to be relatively separated with respect to X if for every a E A and x E X -A there is a neighbourhood of a and a neighbourhood of x which do not intersect.
Note. This notation of relative separation is closely related to Liu's notion of "T2 except for A " [7] but it does not require that X -A be a T2 space.
Proposition
12. Let X be a topological space. The following are equivalent:
(1) X is almost compact. is in g0 and is disjoint from G, which is impossible. Thus w(A') U {a) is not even Tx, contrary to our assumption.
7. Almost realcompactness. Let k be an infinite cardinal. A filter g is said to have the K-intersection property if every subcollection of fewer than k members of g has nonempty intersection. A space X is K-almost compact if whenever g is an open ultrafilter such that the family of closures of its members has the K-intersection property then g converges. It is possible to extend the previous results to characterize K-almost compactness. However we have not been able to find, for k > S,, a space JK such that X is K-almost compact if and only if e[X] is maximal T2 in its closure in the product iJK, u)C(X'J') when X is T2.
For k = K,, Frolik [1] has called the resulting K-almost compact space, almost realcompact. These spaces have been characterized as follows: a T2 space A" is almost realcompact if and only if e[ A"] is maximal T2 in its closure in the canonical product (J, uf. The case J = R+ was proved by Frolik and Liu [2] and the case / = N+ by K. Halpin [4] . In this section, we shall again give a unified proof of both these characterizations and extend these results by dropping the requirement that A" be a T2 space.
In what follows let Jx = N+ or R+ , and let C, denote the set of continuous functions/: (AT, T) -» (/,, u). Proof. We first show that / must be bounded on some member of §. The result then follows from Proposition 3. Suppose / is not bounded on any member of g.
Then, for each n = 1,2,3,..., there is G" G g such that /*" [0, n) n G" = 0. Let x G Pi {G" | n = 1,2,... }. Let N be an integer larger than flx). Then /*" [0, N) n GN ¥= 0 (since x E GN), which is a contradiction.
Note. Proposition 3' is Theorem 1 and Lemma 2 of [3] . We give our proof because it is more direct. 
